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Abstract 

We perform a finite group analysis on the quark mass matrices. We argue that the 
dominant terms should be proportional to class operators of the group and that symmetry 
breaking to split the mass spectrum and simultaneous diagonalizability to suppress fiavor 
changing neutral currents can be accomplished at this point. The natural setting is a 
multi-scalar model and the scalar doublets can have masses of the weak scale without any 
parameter tuning. When we specialize to as the group of choice, we arrive at the results 
that the dominant mass terms are ■^democratic^ and that the ratios of light masses and the 
Cabbibo angle = are all given by group parameters in the breaking of S 3 to 82 - 

A large mass expansion is then performed and a generalized Wolfenstein parameterization 
is given. Further breaking by way of introducing heavy-light transitions in the down-type 
mass matrix is here related to the heavy-light Cabbibo-Kobayashi-Maskawa elements. 





PACS number(s): 11.30.Hv,12.15.Ff,12.15.Cc,12.50.Ch 



One of the frontiers in nnderstanding elementary interactions is the organization of 
fermion masses, which in some effective way are related to Ynkawa conplings between 
fermions and scalars. Many proposals have been made and most are motivated by some 
conjectnres on physics at a mnch higher energy scale. Typically, a certain Textnre" is as- 
snmed for the Ynkawa strnctnre and then a renormalization gronp analysis is performed to 
predict conseqnences for physical processes which are cnrrently experimentally reachable. 
These are very ambitions and formidable endeavonrs. 

We shall take a different tack in the present discnssion. Onr starting point is to 
accept what we know from the data abont fermion masses and mixing between np and 
down sectors at the electroweak scale. Several featnres stand ont: the almost deconpling 
of the top and bottom heavy qnarks from the lighter ones, the high degree of snppression 
of flavor changing nentral cnrrents at low energies, and the validity of the Wolfenstein 
parameterization. We then ask the qnestion: How mnch of this can be nnderstood by 
applying symmetry considerations? We argne in this note that one can achieve qnite a 
lot in this regard. Of conrse, some assnmptions need to be made along the way, and 
they will be explicitly stated. They have to do with symmetry breaking, which shonld be 
familiar to most of ns, drawing npon past experience. We remark that this approach may 
be complementary to the top down method jnst mentioned. One advantage here is an 
immediate link between physical parameters and those introdnced in the gronp analysis. 

Before being specihc, let ns ontline how snch an analysis is developed. Consider a 
gronp with a hnite nnmber of elements gi. We can partition these elements into disjoint 
conjngate classes Cj. Becanse Cj co mm ute with each other and can be made hermitian, 
they are a part of the complete set of observables and can be nsed to label states. 
Also, becanse all elements of the gronp co mm ute with these class operators, Cj’s are 
invariants. As a zeroth order approximation, i.e., before symmetry breaking is introdnced, 
the interaction which is responsible for mass generation for either charged | or — ^ type 
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quarks is a linear combination of these class operators, which we write generically as 


PIo = ^aiC,. ( 1 ) 

Because we are dealing with a hnite group, the elements Qi can be made unitary, and the 
invariance under the proposed symmetry is 

diMoOi ^ = Mq. ( 2 ) 


The spectrum of Mq, which splits quarks into heavy and light species, generally has 
some degeneracy at this level. Past experience leads us to speculate that the degeneracy is 
lifted by symmetry breaking along some directon in the group space. Thus, one assumes 
that another term 

Mi = '^bkgk, (3) 

accounts for that, where the sum is over a set of elements, such that symmetry of some 
subgroup remains. Therefore, Mi must be expressible as a function of the class operators 
of the subgroup. This forces conditions on b’s, reducing their independent number. 

We must digress at this point to discuss the problem of flavor changing neutral cur¬ 
rents. As one follows the discussion so far, one must wonder about the mechanisms which 
cause the division of M into Mq and Mi. The current lore is that there may be different 
SU(2) Higgs doublets, which couple separately to Mq and Mi. We accept this and will not 
be discussing the dynamical details pertaining to such scalars at this juncture. The only 
issue we want to bring up is that if the scalars are distinct, they will generally introduce 
tree level flavor changing neutral current processes. The reason is that if we write out 
the scalars explicitly, we have 

M{x) = '^ajCj(j)o{x) +'^b',^gk(l)iix), (4) 


4 



where the hrst and second terms on the right hand side, respectively, come from Mq and 
Ml. Fermion masses are indnced by replacing the helds with their vacnnm expectation 
valnes 

4^0,1 (5) 

and performing a bi-nnitary transformation MV. Becanse of the space-time dependence, 
snch a transformation cannot diagonalize M{x)M{x)^ for all x, nnless 

MoMi, MqMJ, MiMI , (6) 

commnte. We recall that Mq = Mq, and [Mq, Mi] = 0 is antomatic by the very natnre 
of Mq being made of class operators. Commntativity wonld be trivial if Mi = M| also. 
However, in order to lift all degeneracies at this point, hermiticity of Mi may not be war¬ 
ranted and commntativity shonld be checked. If satished, then nnder rather general scalar 
self interaction, the dominant part of the indnced flavor changing nentral cnrrents can in 
fact be avoided at least np to the one loop level. We call the commntativity reqnirement 
radiatively natnral. The gist is dne to a resnlt that the otherwise worrisome divergent 
pieces of the one loop contribntions can be absorbed into wave fnnction renormalizations 
withont spoiling simnltaneons diagonalizability. 

We have generated masses for the heavy qnarks throngh Mq, and masses for the light 
qnarks and their mixing mostly throngh Mi. The reqnirement of simnltaneons diagonaliz- 
ability probably will not indnce misalignment between the heavy and the light states of the 
np and down type qnarks if we assnme that the symmetry basis vectors in both sectors are 
the same; i.e., the Cabibbo-Kobayashi-Maskawa (CKM) matrix elements Vtd,ts,cb,ub vanish 
at this level. If onr pictnre is in concordance with natnre, there mnst exist another piece 
M 2 , which gives rise to hnite, albeit small, heavy-light mixing matrix elements, and which 
also resnlts in flavor violation in heavy-light transitions. We shall now tnrn to an example 
to give some specihcs. 
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A finite group which is suggested empirically is the symmetric group with group 

elements {e, (12), (13), (23), (123), (132)}, where e is the identity, (12) is the operation of 
exchanging entries in positions 1 and 2, and (123) corresponds to 1 —2 —3 —1, etc. Let 
us take the up quark sector 3x3 mass matrix 

ulMuUr, (7) 

which we assume to be invariant under 

Ul ULQi, Ur g- ^Ur, (8) 

for gisSs- The conjugate classes are {e}, {(12), (13), (23)}, and {(123), (132)}, with the 
concomitant class operators 

Ci^e, (^2 = (12)+ (13)+ (23), Cg = (123) + (132). (9) 

From the group table, one hnds = (C'2)^/3 —(Fi, which means that at most two of these 
class operators need be specihed to label states. 

The three quark states are assumed to be linear combinations of the basis vectors 
|a, a, (3 >, |a, (3, a >, and |/9, a, a >, on which the symmetry operations act on the entries 
a and /I, e. g. 

(13)(|a, a,/I >, |a,/I, a >, 1/1, a, a >) 

= (1/3, a, a >, I a, /I, a >, \a,a, (3 >) 

/O 0 1\ 

= (|a, a, /I >, |a, /I, a >, 1/1, a, a >) I 0 1 0 , 

Vl 0 oj 

from which one obtains the (reducible) matrix representation. One can easily show that 
on these states, the class operator 

1 1 1 \ 

111, (11) 
1 1 ij 
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and Ci+Cs = C 2 - Looking at their eigenvalnes, one sees that C 2 has (0,0,3), which makes 
it empirically rather compelling to take*^^^ 

Mq = moC' 2 , (12) 

to give mass to the top qnark, where mo is a real constant carrying the dimension of mass. 

To acconnt for the light qnarks c and n, we assume that Mi is along some direction 
snch that S 2 is the residnal symmetry. For S 2 , there are only two elements {e,g}, with 
— e. To make this general, we write 

Mi=mig, (7 = aie + a2(12) + a3(13) + a4(23) + a5(123) + a6(132), (13) 

where mi mo is another real constant with the dimension of mass. A set of conditions 
which yield the reqnirement g^ — e is 

Cli = 0, 0.5 T dg = 0, 0-2 T CLs T ^4 ~ Ij 


and 

CI 2 T T “It 2cig (14) 

We shall make the choice that all the a’s are real. (This resnlts in a non-hermitian redncible 
g, which is what we need to separate the light masses. The residnal symmetry acts on the 
mass matrix Mq + Mi, bnt not on the states.) It is easy to verify that the simnltaneons 
diagonalizability conditions of Eq.( 6 ) are satished, basically becanse Mo is nnitarily eqniv- 
alent to a diagonal matrix with only one non-vanishing entry. The eigenvalnes of MiM| 
are 

2 = 'ml{l + bdg =F 2a6^3 9ag), AA 3 = m^, (15) 

which depend on ag only. One can solve for it as 


( 2-6 



( 16 ) 
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The corresponding eigenvectors are 


>— 2/1,2, —(3:1,2 + 2/1,2) >, 1-^3 >— 1 >5 


V^' 


with 


2/1 


,2 T'v/S + 9a| + 3a4 — 1 


3 : 1,2 


3a2 — 1 


( 17 ) 


and Ni ^2 are normalization factors. 


With the conditions of Eq.(14) and the a’s being real, we have three independent 
parameters, which may be chosen as mi, a 2 and a^. They nniqnely give the masses 
rriu = Ai, rric = A 2 and the relative weight y/x of the physical states |A5 2 >— c >. We 
can replicate the same analysis for the down sector and obtain similar resnlts, which we 
nse primes to denote. A fnrther assnmption of charge independence a 2 = rednces the 
nnmber of parameters to hve, which is in agreement with the connt of mc,^t, ms,d and the 
Cabibbo angle sinOc = Ws =< A]’|A 2 ° > . 

A particnlar interesting case is when 


a2 = a2 = 1 , 


(18) 


which gives, becanse of Eq.(14) with a choice of signs. 


as = —0)6, 0)4 = ae, a's = —ciq, 0)4 = ag. 


(19) 


These lead to 


('ZZM')l/2 _ 7 \l/2 


birWc - Q , I!ld)l/2(l I rn^)l/2- 
^ ~ TTis ^ \ ' rric ^ 

As well-known, this is qnite close to the measnred valne for the Cabibbo angle. The 
mixing angle 9c is a dynamical signatnre in the gronp space, pointing to that direction 
which seeks ont the residnal S 2 symmetry. Althongh at this time we have not been able to 
associate any deeper meaning to this choice, other than the fact that the valnes for 02 , 3,4 
look qnite symmetrical, it does illnstrate snccinctly the capability to relate to data. 



We may wonder whether there is any freedom in introdncing fnrther terms for the 
light sector. In other words, is there a dM, which is simnltaneonsly diagonalizable with 
Ml in the sense of Eq.(6)? By nsing — e, one can show that the only necessary condition 
is 

JMMJMi = MiMjhM, (21) 

which can be solved to give 


hM =/lie's+ /i2((123)-(132)), (22) 

where hi ^2 are some arbitrary constants. This matrix is also simnltaneonsly diagonalised 
with Mq and therefore does not lead to any CKM heavy light mixing. Besides, there is no 
nnderlying gronp argnment as we had for Mi to jnstify its being. We shall jnst discard it. 

To disenss the CKM heavy light mixing, it is convenient to make a nnitary trans¬ 
formation to decompose into the irredncible snbspaces, viz. 3 —> 1 © 2. This is done 
by 

Qi U'^giU, 


where 


U = 


Then, the mass matrix 


Mo ©Ml 


/ ^/6 ^/2 ^/3 ' 

-111 

\/6 \/2 \/3 

° Tf / 


(Mi)2x 2 02x1 

0 lx 2 hio 


(23) 


in which mo = 3mo + mi and 


y/g ^ 

(Mi)2x2 = rni{ — {a2 - az)ai + v^aeicTs + 2 - ^3 + 2a4)cT3). 


(24) 


We make the ansatz that heavy light transition is dne to 

0 0 A/,, 

Ms = I 0 0 A/^ , , 

Ada; Ady 0 


(25) 
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in which Ad’s and Af’s are complex nnmbers of order at most mi, so that all low energy 
flavor changing nentral processes dne to the absorption, emission or exchange of attendant 
Higgs scalars will be snppressed by heavy qnark propagators. 

We are now ready to complete onr discnssion of the CKM matrix by performing an 
expansion in inverse powers of nib and We note that for Mu = Mq + eMi + eM 2 - 

we have 

/O 0 0\ / 0 0 A^\ 

MuMI = thq I 0 0 0 j + erho | 0 0 Afy j +0(e^). (26) 

VO 0 1/ \Af: A/; 0 J 

e is a connting parameter in the inverse mass expansion, which will be set to nnity af¬ 
terwards. Note that becanse we are dealing with left-left mixing, the second term on the 
right hand side of the last eqnation, which is the only 0{e) term, has dependence on A/’s 
only. Ad’s are not measnrable to this order. 



Vus = sin9c, Vcd = 

-sin9c, 14s 

= cosO, 

AFt 

AF* ^ 

af'* 

Vtd - COS0C 

- sinOc — 

1 

mt 

mt 

mb 
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rsj 


Vts 


■ n 

- sinOc + 

mt 


^^cosOc 

mt 


af'* 

mb 


Vub = -Vt*dCos9c - Vt*sin9c, 
^cb = V*^sin9c - V^lcos9c: 


Vtb = 1 . (28) 

These expressions have further corrections of order , 7 ^- Eqs.(28) may be 

taken as a slightly generalized Wolfenstein parameterization.*^^) If we assume AFi 2/^4 
AFl 2 /^h and drop the former, the number of parameters we need to incorporate heavy- 
light transitions in CKM matrix is three, namely the magnitudes of A/^ ^ and the relative 
phase, which is precisely what we need to specify in general. CP violation is intimately 
tied up with flavor violation in the heavy-light connection. 


Because of simultaneous diagonalizability of Mq and Mi, there is no flavor changing 
neutral current due to tree level scalar exchanges in the light sector. The masses of those 
scalar doublets associated with Mq and Mi can take on single Higgs values ~ mw as in con¬ 
ventional Standard Model analysis. Particularly, they will not give rise to disproportionate 
surprises in or D^-D^ systems.New physics most likely will be first revealed in 

processes through the intermediary of top and bottom quarks, whence exploration in future 
B-factories should be most interesting. We are looking into phenomenological manifesta¬ 
tion of the terms Ad, Ad', A/, A/' and the accompanying scalars. 


In summary, we have argued that if the flavor space admits an approximate symmetry 
of a finite group, then the dominant piece of the Yukawa interactions should be a function of 
some class operators of that group. Ratios of light quark masses and the Cabbibo angle are 
given by directional parameters of some subgroup into which the original symmetry breaks. 
The dynamical issue of masses and mixing is then shifted into the eventual determination 
of these parameters from some first principle. Ss is used to show explicitly how this works. 
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We have been able to match the independent parameters in the analysis to basically qnark 
masses and CKM angles. There is no flavor changing nentral cnrrent, nntil the last stage 
when heavy-light transition terms are introdnced to acconnt for heavy-light CKM mixing. 

This work has been partially snpported by the U. S. Department of Energy. 
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